By analyzing a large data-base of car-driving data in a generic way, a few elementary facts on car-following have been found out. The inferences stem from the application of the mutual information to detect correlations to the data.
model [18] or the cellular automaton model [17] up to multi-regime models like Wiedemanns psycho-physical perception threshold model [26] or the model implemented in the MITSIM-lab [1] open source simulator with lots of thresholds and different conditions describing an assumptive behavior in specific situations.
It is commonly believed, that the behavior of a human driving a vehicle can be described quite generally by the two equations v(t + ∆t) = v(t) + a(∆v, g, v)∆t (1) x(t + ∆t) = x(t) + ∆t 2 (v(t + ∆t) + v(t))
where (x(t), v(t)) are the position and speed of the vehicle at time t, (g, ∆v)
are the distance and speed difference to the vehicle in front, and a(·) is the acceleration function. There is no need for ∆t to be equi-distant, and in fact the so called action-point models [22, 26] claim that a driver changes her course of action only from time to time, based either on external forces or even on no apparent reason which may lead to an exponential distribution of the ∆t-values [24] .
Since a lot of empirical research has been done on this topic, too, only occasionally approaches have been made to connect empirics and models in a physicist's manner. A course of action that is often pursued in driver modeling is to do calibration and validation [8] of known models. By their very nature, these exercises often yield reasonable results (of the order of 10 -20 % rootmean-square error [4] ) even for models that are known to be a bad description of driving, like e. g. the simplest cellular automaton models [17] or the optimal velocity model [3] .
Here, a different approach is adopted. A large data-set of car driving (collected in the second half of 2012 in the German simTD project) is analyzed with the help of methods from data science [9] . This research will try to look on these data and try to find some general relationships between the measured data. Within this work, the approach is limited to the four variables speed v, acceleration a, distance to the lead vehicle g, and the speed-difference ∆v to the lead vehicle. However, in principle it is also possible to include other parameters that might influence driving behavior, such as the time of day when the driver is driving, the street-type, the weather conditions, or the acceleration of the lead vehicle which might be accessible to the driver by observing the lead vehicle's braking lights. Finally, this approach here can find a few general features of the function a(g, ∆v, v) in Eq. (1) above.
The present paper consists of four parts: A description of the data set under consideration is contained in section 2. The following section 3 gives an overview of the statistical measures maximal information content (MIC) and mutual information (M ) used in this paper, and states the main results. Finally, the conclusions of this analysis are presented in section 4.
Description of the simTD data
The data to be used here have been recorded during the field test of the simTD project from July 2012 to December 2012. Altogether 120 vehicles where driving around for 98 days. Different drivers where assigned to the vehicles, but this assignment is kept confidential and therefore not part of the data-set.
Because of the main goal of the project, to estimate the efficiency of vehicleto-vehicle and vehicle-to-infrastructure communication, the vehicles drove on predefined routes only, thereby covering an area of roughly 15 × 45 km around the German city of Frankfurt.
All the data were made available by the six participating German car manufacturers via the CAN-bus in a frequency between 200 Hz and 0.5 Hz. To abstract the manufacturer-specific protocols, all the data were extracted from the internal network of the car (the CAN-bus) by a specialized VehicleAPI (VAPI) which was especially developed within this project. Therefore, all data were available in the same generic format for the project. All the signals from the CAN-bus where synchronized using the GPS time.
The data used in this paper have been recorded by four sensors, that were built into the vehicles: a GPS sensor, an acceleration sensor that was aligned with the car's geometry and therefore allowed the measurement of the longitudinal (in driving direction) and lateral acceleration (perpendicular to the driving direction), the distance and velocity difference to the lead vehicle by a radar/lidar sensor, and the speed from the traditional wheel sensors. The acceleration data was noisy, but not in an unreasonable manner, so it was decided to use them unfiltered as they are. This does not rule out, that the internal machinery within the cars itself does some filtering, but from what have been seen by visual inspection, this does not seem very likely.
Within this project, the GPS data have been enhanced into a differential GPS by correction signals received over UMTS and ITS-G5 (802.11p). These data have been matched on an underlying digital road network, but this has not been used in this paper but was used in the communication part of the projects.
All the cars were normal cars (with all the sensors) that can be bought in exactly this form, only the data-acquisition had been added within the project.
The data were recorded asynchronously. That means, that the variables to be analyzed here (distance g, speed v, speed-difference ∆v, and acceleration a)
are recorded in their raw format not at the same time, and the time-difference between subsequent readings even of the same sensor is not guaranteed to be equidistant. The variables are acquired by three different sensors: a radar sensor which measures the distance and speed-difference to the vehicle in front (sometimes it also picks a tree at the border of the road), the vehicle's internal measurement of the speed, and the acceleration which is recorded by a dedicated sensor.
As explained above, the current position of the vehicle is measured by a GPS receiver. Note, that the GPS provides an additional measurement of the speed which has not been utilized here. Also, it could have been used to determine the acceleration of the vehicle, which also has not been done here for the analysis below systematically. A brief view into this, however, reveals that the data obtained from GPS are in good agreement with the recordings to be used in the following.
The typical frequency with which the data are recorded is about 10 Hz.
Therefore, it was decided to force the data into a common time-basis by aggregating them to 0.1 s. This worked well, in most cases less than 4 data-points fall into one time-bin, which are then averaged to get the time-series that will be analyzed subsequently.
It is safe to assume that the data are not error-free. From visual inspection of the data, it turns out that there are a lot of points where the data-stream disconnects, i.e. there are gaps in time which are larger than 0.1 or 0.2 s, where no values are recorded. To transform this into a measure of data-quality, the one-step ahead prediction error is used in the following. This error can be computed from estimates of the gap and speed of the subject vehicle for the next step in time, which is given by:
This is compared with the actual measurements at the time-point k + 1, thereby defining a measure of consistency of the time-series:
Note, that this works for any time-step size ∆t k = t k − t k−1 , but for larger ∆t k the likelihood increases that the prediction error becomes large.
It turns out, that the two errors (e More cleaning is always possible, some of it happens as can be seen e.g. in Figure 2 , where only the central parts of the various distributions are displayed.
In effect, this means that large time headways, large speed differences, and large accelerations have not been regarded. In fact, Figure 2 displays the headway distribution p(T ), the histogram of the mean headways of the 258 different trips that have contributed to the headway distribution p(T ), the distribution of the speed differences p(∆v) and the one of the accelerations p(a).
As can be deduced from Figure 2 the distributions of ∆v and a are Laplace distributions [23] , i.e. they can be described by
Here, µ is the mean value and σ is a measure for the width of the distribution.
The mean-value of these two distributions is very close to zero, which is not very surprising -all trips start and end with standing vehicles, which can happen only if the sum of all the acceleration values is zero. Both distributions are also roughly symmetric, which is caused to a certain degree by the fact that the data contain episodes where a lead vehicle is at least present. In this regime, the data point out that the drivers do a fairly good job at staying in a smooth mode with moderate acceleration values. To quantify this, just 9.5 % of the acceleration values are smaller than −1 m/s 2 and 7.5 % were larger than +1 m/s 2 , displaying a slight asymmetry between acceleration and deceleration.
The form of the time headway distribution is still open [7, 14, 12] , a large amount of different basic and composed models have been presented in the literature with no consensus reached so far. 
Results

Applying MIC, M , and C
The main tool to be used in this analysis is the maximal information content (MIC) [20, 2] , and its close relative, the mutual information M . For reference, the Pearson correlation C is used, too. MIC is described in [20] . It is based on the mutual information content between two variables x and y, which can be computed by:
The advantage of MIC and M over C is that they can detect relationships 
A physicist's approach
It is interesting to remark, that in the vast amount of literature of carfollowing nobody has ever made a simple plot of acceleration as a function of ∆v and g or something similar, at least to the knowledge of these authors. This enough data-points in it and therefore the statistics is usually comparable. In each of the bins defined in this manner, the mean value of the acceleration as well as its standard deviation can be computed easily. This has been done for all the data that have been analyzed so far, the result is therefore something that may be called the average driver reaction, see Figure 7 .
It could be seen, that the acceleration is a not too complicated function, and that it behaves completely in line with a naive expectation, at least in this average sense regarded here. For small g and very negative ∆v, acceleration In addition to this, a more quantitative approach is tried. As has been remarked [25] , a linear model (originally proposed in [11] ) is often a fairly good approximation to car following. Such a model can be specified as:
Interestingly, this equation is well-known to physics, since it is just a driven, damped, harmonic oscillator [24] . Furthermore, it is also the basis for most of the ACC algorithms [5, 13] (ACC is autonomous cruise control) and to a certain degree it is even used to control an automated vehicle when it follows another car. To test whether this is a good model, the data above can be used as follows:
in each of the bins defined by the procedure above, a linear fit can be performed to this model, and the results, i.e. the four parameters of the model eq. (9) can then displayed as a function of (∆v, g). The result of this procedure, again performed on all the data, is displayed in Figure 8 . Note, that the fitting yields in addition to the mean values of the parameters also its standard error and therefore a statistical quality. Therefore, in some cases some of the parameters are not significant and could be set to zero. However, this does not happen too often, so it has not been used here.
Note, that the parameters do not reflect the order that has been determined by the mutual information approach. This is, however, one of the strengths of such a approach: the numerical value of an parameter depends on many things, e.g. the prefactor of the gap must be small since the gap itself is typically a large number, at least larger than the speed-difference. Even if these terms would be equally influential on the acceleration, this would not be reflected in their number. The mutual information provides a much more objective measure for the influence of the various parameters than the linear fit performed here.
It can be seen, that the linear model is not a too good an approximation to the modeling of car-following. If it were a perfect linear model, then the model parameters should be constants, which is obviously not the case. While this might be true to a certain degree for the parameters (c ∆v , c g , c v ), it is definitely false for the parameter c 0 . The function c 0 (∆v, g) is very similar to the acceleration itself, a fact for that so far we do not have any explanation.
Auto-correlation of the acceleration
As a final analysis, the auto-correlation function of the vehicles have been investigated. Again, this has been done both with the cross-correlation, as well as with the mutual information, see Fig. 9 . And just as in Fig. 6 only the average function over all the data analyzed here is displayed. All in all, the outcomes of C and M are comparable, but it seems, that M displays a faster decrease of the correlation between a(t) and a(t − τ ) with respect to the lag τ . In this case, M is at the border already close to its theoretical minimum, therefore demonstrating that in this case the cross-correlation is assigning values where most likely no correlation is present anymore. Roughly, a correlation time-scale can be estimated to be 2 s, while the M -based correlation time is just one second.
Conclusions
These results show, that the acceleration a of a following vehicle depends strongly on the speed-difference ∆v(t − τ ), with an time-delay τ which is on average τ ≈ 0.5 s. Note, that this time-delay is not necessarily a reaction-time. The autocorrelation function of the acceleration, measured by C (green) and M (red). Note, that M has been normalized so that its maximum is 1, which means dividing by ln n where n is the number of bins.
It is more likely related to the fact, that drivers cannot measure speed difference directly, they have to utilize the change of the object-size on their retina to estimate speed differences. This introduces a time-scale into the reasoning, since the driver's estimate of speed difference is given by (g(t) − g(t − τ ))/τ .
Note also, that this τ is not a constant either, since it depends on the variables g, ∆v, v, where the dependence on v is certainly weak, and the one on g is the strongest, since the accuracy of the distance estimate δg decreases quadratically (δg ∝ 1/g 2 ) for physical and physiological reasons. However, it was not possible to extract this type of dependency from the data.
The dependence of a on distance g and speed v is much weaker, and the results are compatible with a zero delay between a and (g, v). What is also strong is the relationship between g and v, it rivals and often exceeds the one between a and ∆v(t − τ ). However, this cannot be explained by a direct causal connection, it is a kind of indirect consequence of the driver's behavior: she uses the control which is mostly exerted via the speed difference to maintain the roughly linear relationship between v and g. Since this is an approximately linear dependency, with another time-constant, the preferred headway T is connecting the two (v = g T ).
In addition to this, the results show that the acceleration itself has a memory of T a = 1 . . . 2 seconds. So, car-following can be described to a certain degree by three time constants (τ, T r , T ), and the strength of the interaction. However, it is not clear from this analysis, how the driver reaches the goal v = g T . 
with a yet to determine function V (·). The estimation of the piecewise linear function above shows, that a linear function is a certain approximation, but it may in fact be not the final answer.
What may also be a bit surprising is that on this level of description, drivers share a number of similarities. E.g. the cross-correlation functions are very similar, this has in addition been confirmed by looking into more detail on the individual cross-correlation functions. These similarities do not hand over to the numerical figures, i.e. the distribution of the parameter values where they have been estimated are quite broad. Nevertheless, it seems that a kind of common driver model might be within reach, which will be an important result that may have a lot of applications.
An additional result of this analysis is that the application of the mutual information helps to sort out which correlations are real and which ones are spurious. Furthermore, it allows a kind of model-independent measurement of the strengths of the various terms in the acceleration equation. This would not have been so easily done by other means, and therefore these methods may add an important tool to the analyst's toolbox.
